The electromagnetic interaction of an intense relativistic coasting beam with itself, including the effect of a confining nonperfect vacuum tank, or a quiescent rf cavity, is investigated theoretically. It is shown that the resonances that may occur between harmonic s of the particle circulation frequencies and the electromagnetic modes of the cavities can lead to a longitudinal instability of the beam. A criterion for stability of the beam against such longitudinal bunching is obtained as a restriction on the shunt impedance of the rf cavity, or the Q of the vacuum tank. This criterion contains the energy spread and intensity of the coasting beam, ae well as the parameters of the accelerator. Numerical examples are given which indicate that in general the resonances with the vacuum tank will not cause instabilities, while those with an r{ cavity can be prevented from causing instabilities by choosing the shunt impedance at a sufficiently low but still convenient value 0 -2-UCRL-9328
INTRODUCTION
In the second article (Part II) of this series 1 it was shown that a resonance can occur between a beam of particles in an accelerator and the characteristic electromagnetic modes of the vacuum tank. It is possible that this resonance could lead to instabilitites in an intense relativistic coasting beam. This problem is distinguished from the longitudinal instabilities investigated previously by a number of authors G , 3 because resonance can occur only with modes characterized by short wavelengths in the azimuthal direction. Thus we shall be dealing with perturbation frequencies that are very high harmonics of the particle circulation frequency.
iii This work was done under the auspices of the U. S. Atomic Energy Commission.
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We shall again take a toroid with rec;:tangular cross section as a model of the vacuum tank ( Fig. l) , neglecting all windows, discontinuities, and straight sections. The conductivity of the walls is sufficiently high to allow the vanishing of the tangential electric field to be used as a boundary condition in the solution of
Maxwell'a equations. Therefore, we can use the results in Part II of this series.
The stability of the coasting beam 21.180 may be affected by the presence of an rf cavity through which the beam must pass. If the cavity has an eigenfrequency near a harmonic of the beam circulation frequency, a resonance condition exists between the beam and the cavity. Such a resonance generally occurs for a much lower harmonic than the resonance with the modes of the vacuum tank.
For purposes of this calculation we assume that the cavity is not driven externally.
Transverse particle motion will be neglected throughout this work, except insofar as it contributes to the cr08S-sectional area of the beam. The density of particles in the unperturbed beam i6 taken as being uniform azimuthally. In Section II we aS8ume an infinitesimal perturbation that preserves the cr08S- Section IV is devoted to a discussion of the disperaion relation. A criterion for stability is derived that places an upper limit on the quality factor Q of the resonant mode of the vacuum tank. If the beam is near a resonance with the rf cavity, this criterion can be expressed as an upper limit on the input impedance of the cavity. These criteria contain the total number of particles in the machine It will be convenient in what follows to introduce the action variable\V.
which is defined by
Here E is the energy of the particle and £ the instantaneous circulation frequency of the particle. The variable W is canonically conjugate to the angle variable <\> describing the particle's position in azimuth. In the absence of an applied radiofrequency voltage. the equations of motion are given by
The effective azimuthal electric field is designated by E~;
We may denote the distribution function for particles in synchrotron phase 'Space by~(W. <:>. t), and it can then be shown 2 that~satisfies the one-dimensional
in the well-jU8tified approximation of ignoring collisions between particles. In Eq. (2.3), (R E 9) involves the longitudinal electric field averaged over the beam crose section. For the investigation described here, we may safely replace this average by the orbit radius times the electric field at the center of the beam.
Since the umperturbed coasting beam is assumed to be uniform in azimuth, the unperturbed distribution of particles in W -.p space may be described by a function tlJO(W). We shall consider an infinitesimal perturbation such that the total distribution function~(q" W, t) may be written as
Note that the perturbation doee not affect the transverse distribution of particles.
Linearizing Eq. (2.3) leads to
The electric field in Eq. (2.5) arises from the charge and current densities of the perturbation only. The particle density associated with the perturbation is 6 N r N e i(nep-wt) , (2 and the associated azimuthal electric field at the beam center may be written as
The quantity E thus defined will be investigated in the next section. Having evaluated this integral. we have reduced Eq. (2.9) to the form -2
The next section is devoted to a discus sion of the quantity E. We now may use the definitions of k and 7" which, after substi tution of B
for the case of a tank resonance yields The quantity 3-is the impedance of free space, which is equal to 377 ohms inmksunits, and4rr/cin cgsunits.
V. NUMER leAL EX.AMPLES
A. RF Cavity Resonances
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As an example of a resonance with an rf cavity, we take the MURA 40-Mev This requires that the shunt impedance Z must be less than 3200 ohms I to prevent c a longitudinal instability. It is sufficiently high to ensure no difficulty.
As a second example, we might consider a hypothetical proton storage ring for 15 -Bev particles. As reasonable parameters, we take df Z2 dx /(~;)~is so small that the restriction on Q t is satisfied by a vacuum tank made of even the best conducting material imaginable.
As a second example, we consider a full-scale FFAG accelerator for which the following parameters might be typical: The first resonance is at n :: 30,000, and once again there need be no concern about a longitudinal instability for any physically realizable cavity.
